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We show that there exist digraphs D such that for all paths P, and P2 we have 
cu(D \(P, U PJ) = a(D) and point to a generalization. 
1. Introduction 
The Gallai-Milgram Theorem [3] states that the vertices of any digraph D can 
be covered with LX(D) paths. In the light of this result it seems natural to ask how 
many paths (i.e. their vertices and all edges adjacent with them) need to be 
deleted from a digraph in order to decrease its independence number. More 
precisely, given an integer k 2 1, let f(k) be the smallest integer such that if D is 
any digraph with independence number a(D) = k then D contains f(k) paths 
pi, 6 ’ . . 7 Pf(k) such that a(D \lJ!L:) Pi) < a(D). By the Gallai-Milgram 
Theorem, f(1) = 1 and f(k) s k. Indeed, since the vertices of D can be covered 
with a(D) paths, one may have that f(k) < k for k large. We believe that this is 
not the case. We shall give some justification for our belief in the following 
section and will show that, in particular, f(2) = 2 and f(3) = 3. 
2. Results 
Recall that the Ramsey number r(s, t) is the least integer IZ such that every 
graph on II vertices contains either a complete subgraph on s vertices or an 
independent set of order t. 
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Theorem. Let s and t be positive integers. 
Suppose that 
r(s, t + 1) > (t2 - t + 1) * r(s, t). (1) 
Then there is a digraph D such that for any paths PI, P2, . . . , P,_l of D we have 
cu(D\Uf:; PJ = a(D) = t. 
Proof. Choose a graph G with IV(G)1 = n = r(s, t + 1) - 1 and such that neither 
KS nor $+r lie in G. 
Since n 2 r(s, t) by (l), G contains many independent sets of order t. Indeed, 
we can choose pairwise disjoint independent sets S,, S,, . . . , S, of G with ISi] = t 
as long as n - pt 3 r(s, t). Colouring the vertices of each of the independent sets 
by a distinct colour and the vertices of G\l.J$‘=, Sj by new distinct colours we 
obtain that 
n - r(s, t) 
x(G)< t + r(s, t) = 
n + (t - l)r(s, t) 
t 
Let G be properly coloured with x(G) colours cl, c2, . . . , cxcG). A digraph can 
now be constructed from G by orienting all the edges from the vertices coloured 
ci to those coloured cj whenever i <j. Call this diagraph D. 
Clearly each path of D has at most X(G) vertices. If PI, P2, . . . , P,_l are paths 
in D, we have 
an-(t-l) 
n + (t - l)r(s, t) 
t 
= n - (t - 1)2r(s, t) 
3 r(s, t) 
by (1). Since the underlying graph of D\Uf:: P = D* cannot contain a complete 
graph on s vertices (it would have to lie in G already), D* must have an 
independent set on t vertices. 
Hence 
a(D*) = a(D) = t. 0 
Corollary 1. There exists an infinite family of digraphs D such that for all paths P 
of D we have 
cu(D\P)=a(D)=2. 
Proof. This follows from the theorem, the elementary result that r(k, 2) = k and 
2 
the bound due to Erdiis [2] that r(k, 3) > 
(lz& 
-forsomec>O. 0 
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Corohy 2. There exists an infinite family of digraphs D such that for all paths PI 
and Pz of D we have 
a(D\(Pl UP,) = a(D) = 3. 
Proof. This follows from the theorem, the bound r(s, 3) <s’/ln 5 due to 
0 
Shearer [4] 
( 
who improved the bound of 2 of Ajtai, Komlos, Szemeredi 
> 
and 
the upper bound r(s, 4) > c k 
( > 
5 
for some c > 0 due to Spencer [5]. q 
3. Remarks 
Our belief that f(k) = k would follow from the theorem and the bound due to 
Ajtai, Komlos and Szemeredi [l]: 
r(s, t) S 
(5 ooo)tst-’ 
(ln s)‘-~ 
for s sufficiently large in comparison with t, if the bound conjectured by Erdiis 
t 
that r(s, t + 1) > (ln $, ~ for some constant c(t) > 0 and s sufficiently large were 
known to be true. 
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